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The singularity of the black hole solutions obtained before in Mller’s theory are stud-
ied. It is found that although the two solutions reproduce the same associated metric the
asymptotic behavior of the scalars of torsion tensor and basic vector are quite dierent.
The stability of the associated metric of those solutions which is spherically symmetric non
singular black hole is studied using the equations of geodesic deviation. The condition for
the stability is obtained. From this condition the stability of the Schwarzschild solution and
di Sitter solution can be obtained.
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1. Introduction
A black holes is a singularity in Einstein eld equations. This can be happen when a
gravitational collapse takes place and continue until the surface of the star approaches the
Schwarzschild radius, i.e., r = 2m [1]. Hawking and collaborators discovered that the laws
of thermodynamics have an exact analogues in the properties of black holes [1, 2, 3, 4]. As a
black hole emits particles, its mass and size steadily decrease. This makes it easier to tunnel
out and so the emission will continue at an ever-increasing rate until eventually the black
hole radiates itself out of existence. In the long run, every black hole in the universe will
evaporates in this way. Sidharth [5] shown that a particle can be treated as a relativistic
vortex, that is a vortex where the velocity of a circulation equals that of light or a spherical
shell, whose constituents are again rotating with the velocity of light or as a black hole




Dymnikova [6] derived a static spherically symmetric black hole solution in orthodox
general relativity assuming a specic form of the stress-energy momentum tensor. This
solution practically coincides with the Schwarzschild solution for large r, for small r it behaves
like the de Sitter solution and describes a spherically symmetric black hole singularity free
everywhere [6]. It is shown that the metric of this solution has two event horizons, one
related to the external horizon and the other is the internal horizon which is the Cauchy
horizon [6]. It is shown that both of the horizons are removable. Dymnikova [6] has shown
that this solution is regular at r = 0 and so it is nonsingular everywhere, so it is called a
"nonsingular black hole". It has been proved that it is possible to treat this specic form of
the stress-energy momentum tensor as corresponding to an r-dependent cosmological term
µν , varying from µν = gµν as r ! 0 to µν = 0 as r ! 1 [7]. More recently [8], the
spherically symmetric nonsingular black hole has been used to prove that a baby universe
inside a  black hole can be obtained in the case of an eternal black hole. Also it has been
shown that the probability of a quantum birth of a baby universe can not be neglected due
to the existence of an innite number of  white hole structures.
In an earlier paper [9] the author used a spherically symmetric tetrad constructed by
Robertson [10] to derive two dierent spherically symmetric vacuum nonsingular black hole
solutions of Mller’s eld equations assuming the same form of the vacuum stress-energy
momentum tensor given in [6]. He also calculated the energy content of these solutions.
It is the aim of the present paper to study the singularity of the two solutions obtained
before [9] and then derive the condition for the stability of these solutions using the geodesic
deviation [11]. In section 2, a brief review of the two solutions obtained before are given.
The singularity problem of these solutions are studied in section 3. The condition of the
stability for the vacuum non singular black hole solution is given in section 4. Section 5 is
devoted to main results.
Computer algebra system Maple 6 is used in some calculations.
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2. Spherically symmetric nonsingular black hole solutions
Dymnikova [6] in 1992 has obtained a static spherically symmetric nonsingular black hole
solution in general relativity which is expressed by







− r2dθ2 − r2 sin2 θdφ2, (1)
where
Rg(r) = rg(1− e−r3/r13), r13 = r02rg, r02 = 3
8pi0
, and rg = 2M. (2)
This black hole is regular at r=0 as we will see from the study of the singularity problem.
















In a previous paper the author used the teleparallel spacetime in which the fundamental
elds of gravitation are the parallel vector elds bk
µ. The component of the metric tensor
gµν are related to the dual components b
k






where ηij = diag.(−, +, +, +). The nonsymmetric connection Γλµν are dened by
Γλµν = bk
λbkµ,ν , (5)
as a result of the absolute parallelism [12].
The gravitational Lagrangian L of this theory is an invariant constructed from the
quadratic terms of the torsion tensor
T λµν
def.
= Γλµν − Γλνµ. (6)
The gravitational Lagrangian is given by [13]






∗Latin indices (i; j; k;   ) designate the vector number, which runs from (0) to (3), while Greek indices
(; ; ;   ) designate the world-vector components running from 0 to 3. The spatial part of Latin indices is
denoted by (a; b; c;   ), while that of Greek indices by (; ; γ;   ).
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Here ξ is a constant parameter, κ is the Einstein gravitational constant and tµνλ, vµ and aµ




(Tλµν + Tµλν) +
1
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with δµνρσ being completely antisymmetric and normalized as δ0123 = −1.
By applying the variational principle to the Lagrangian (7), the gravitational eld equa-
tion are given by [13]y:






where the Einstein tensor Gµν is dened by




































gσλ (gµσ, ν + gνσ, µ − gµν, σ) , (16)
where , is the dierentiation with respect to the coordinate and Tµν is the energy-momentum































†We will denote the symmetric part by ( ), for example, A(µν) = (1=2)(Aµν+Aνµ) and the antisymmetric
part by the square bracket [ ], A[µν] = (1=2)(Aµν −Aνµ) .
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The structure of the Weintzenbo¨ck spaces with spherical symmetry and has three un-
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where the vector λµ
0
has taken to be imaginary in order to preserve the Lorentz signature
for the metric, i.e, the functions A and D have to be taken as imaginary. Applying (21) to
(10) and (11) the author got






















Using (4) the associated metric of the two solutions (22) and (23) is found to be the same
as (1) with the stress-energy momentum tensor given by (2). Now we are going to study the
singularity problem for both (22) and (23).
3. Singularities
In teleparallel theories we mean by singularity of space-time [14] the singularity of the
scalar concomitants of the torsion and curvature tensors.
Using (13), (14), (15), (6) and (8) the scalars of the Riemann-Christofell curvature tensor,
Ricci tensor, Ricci scalar, torsion tensor, basic vector, traceless part and the axial vector part
























































3 − (r13 − r3)e−2r3/r13
]2
aµaµ = 0. (24)
The scalars of the Riemann-Christofell curvature tensor, Ricci tensor and Ricci scalar of the
solution (23) are the same as given by (24). This is a logic results since both the solutions
reproduce the same metric tensor and these scalars mainly depend on the metric tensor.
The scalars of torsion tensor, basic vector, traceless part and the axial vector part of the
space-time given by the solution (23) are given by
T µνλTµνλ =
2




























r2− 2mr + 2mre−r3/r13
{
3r1














r2− 2mr + 2mre−r3/r13
{
3r1
3m− 3r13me−r3/r13 − rr13 − 3mr3e−r3/r13
}]2
. (25)
As is clear from (24) and (25) that the scalars of the torsion, basic vector and the traceless
part of the two solutions (22) and (23) are quite dierent in spite that they gave the same
associated metric (1). Also as we see from (24) and (25) that as r ! 0 all the scalars take
nite value.
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4. The Stability condition
















is the velocity four vector, s is a parameter varying along the geodesic. It is well





















ζρ = 0, (27)
where ζρ is the deviation 4-vector.























































































































2η(r)− rη0(r) . (32)
8






























− (η(r) + rη0(r))

 ζ1 = 0,
d2ζ2
dφ2









As is clear from the third equations of (33) that it represent a simple harmonic motion, this
means that the motion in the plan θ = pi/2 is stable.
Assuming now the solution of the remaining equations given by
ζ0 = A1e
iωφ, ζ1 = A2e
iωφ, ζ3 = A3e
iωφ, (34)
where A1, A2, A3 are constants to be determined. From (34) and (33) we get
1
rr13 (r13 − (r13 + 3r3)e−r3/r13)
[
r1
6(r − 6m) + (12mr16 − rr16 − 9r4r13 + 42mr3r13
+9r7 − 18mr6)e−r3/r13 − (6mr16 + 42mr3r13 + 18mr6)e−r3/r13
]
> 0, (35)
which is the condition of the stability for the vacuum non singular black hole solution.
5. Main results
The main results can be summarized as follows
1) The singularity problem for the two solutions (22) and (23) obtained before [9] has been
studied.













, 0 and 0 respectively, i.e., Remain nite and tend to the de Sitter
value for the scalars of the Riemann Christoel tensor, Ricci tensor and Ricci scalar.
ii) For large r the scalars of (24) have the value 48
m2
r6











spectively which are the Schwarzschild value for the Riemann Christoel tensor, Ricci tensor
and Ricci scalar.










, 0, 0, 0 and 0 respectively, i.e., Remain nite and tend to the de
Sitter value for the Riemann Christoel tensor, Ricci tensor and Ricci scalar same as of the
solution (24). The values of the scalars of the torsion, basic vector and traceless part are
dierent for the solutions (24) and (25) when r ! 0. This may be due to the fact that the
asymptotic behavior of the parallel vector elds of the two solutions (24) and (25) is quite
dierent.




2(4r2 − 12rm− 4rpr2 − 2mr + 8mpr2 − 2mr + 9m2)
r3(r − 2m) ,
(2r2 − 4rm− 2rpr2 − 2mr + 3mpr2 − 2mr)2
r4(r − 2m)2 ,
(r2 − 2rm− rpr2 − 2mr + 3mpr2 − 2mr)2
r4(r − 2m)2
and 0 respectively which are the Schwarzschild value for the Riemann Christoel tensor, Ricci
tensor and Ricci scalar same as of the solution (24). The values of the scalars of the torsion,
basic vector traceless are dierent for the solutions (24) and (25) for large r due to the reason
given above.
2) The stability condition for the metric of the vacuum non singular black hole is derived
(35). From this condition we can see that.
i) As r ! 0 the value of (35) is nite.
ii) As r becomes large the value of (35) takes the value r > 6m which the is condition of the
stability of the Schwarzschild solution.
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